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Abstract 

We analyse the lower non trivial part of the spectrum of the generator of the Glauber 
dynamics for a d-dimensional nearest neighbour Ising model with a bounded random 
potential. We prove conjecture 1 in fXMSZ) : for sufficently large values of the temper- 
ature, the first band of the spectrum of the generator of the process coincides with a 
closed non random segment of the real line. 



1 Introduction 

In |AMSZj the authors study the generator of the Glauber dynamics for a 1-d Ising model 
with random bounded potential. They prove that, for any realization of the potential and any 
value of the inverse temperature /3 > 0, the spectrum of the generator is the union of disjoint 
closed subsets of the real line [k- particles branches, k G N"*") and, with probability one with 
respect to the distribution of the potential, is a non random set. In particular it is proved 
there that there exists a spectral gap and thus the model exhibits exponential relaxation to 
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equilibrium. As it is to be expected, and proved in |AMSZj . a relaxation rate which is valid 
for every realization is the same as for the non-disordered model with a coupling constant 
that coincides with the maximum value of the coupling in the disordered model. For the 
average over the disorder of the single spin autocorrelation function, the speed of relaxation 
is somewhat larger as proved in |Zhj . 

Boundedness of the potential is essential for all these results of fast convergence to equi- 
librium. In this case a fairly detailed information on parts of the spectrum of the generator 
is available ( |AMSZj . |Zhj ) . Also in more than 1-d convergence faster than exponential in the 
average can be proved at high temperature |(MMj . 

When the interactions are not bounded the situation is considerably different. Even in 
1-d there is no spectral gap (see [Zej) and relaxation rate is subexponential (see |SZj). 

In [AMSZ^ it is conjectured that (conjecture 1, page 657) that results similar to those 
proved there for 1-d should hold for (] small enough in dimensions d > 2. It can be readily 
seen that for the proof, in 1-d, of the results conjectured to be true in > 2, the assumption 
of ferromagnetic coupling is not needed. It is only used later to prove exponential decay of 
eigenfunctions. 

In this work we consider the Glauber dynamics for (i-dimensional nearest neighbour Ising 
model, with bounded random potential having absolutely continuous distribution with respect 
to the Lebesgue measure and prove that conjecture 1 in |AMSZj is true. 

That is, there exists a constant C, depending on the distribution of the potential and on 
the lattice dimension d, such that, at high temperature, the first branch of the spectrum of 
the generator of the process, at first order in f3, coincides, for almost every realization of the 
potential, with the segment 

[1 -C/3A + Cp] 

(for a more precise statement see Theorem 0)). In particular this implies that, at first order 
in (3, the spectral gap is larger than 1 — Cj3. 

We remark that at lower temperatures, but still in the uniqueness region, relaxation is 
strictly slower than exponential for almost every realization of the potential (see Theorem 3.3 

of [OHM]). 

2 Notations and Results 

Consider the lattice Z"' and the set of bonds of the lattice := {{x, y} C Z'^ : \x — y\ = 1^ . 
We introduce a collection of i.i.d random variables indexed by M^. On each bond of the lattice 
we define a random variable 

whose probability distribution is absolutely continuous with respect to the Lebesgue measure. 
The random field u; is a function on the probability space (f2,^, P) , = [J~ , J'^]^'', and is 
ergodic w.r.t. the the group of automorphisms on Q generated by the lattice shift. 
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We now consider an Ising system in Z'^, denoting by a the spin variables and by S the 
configuration space { — 1, +1}^''. 

{Tz}z^id is the group of automorphisms of 5, generated by the lattice translations 

and j is the involution of S given by 

S 3 a I — > j (a) = —a G S . 
The Hamiltonian of the models studied throughout this paper is 

HI H^dh) = - \vxUJx,yVy + VxUJx,y^y , (1) 

A5x,y : \x—y\=l xGA,yGA'^:\x—y\=l 

where := {S,i)ieaA boundary condition. 

For any (] > and any realization u of the potential, let Q {(3, uj) be the set of Gibbs states 
of the system specified by 



//X'"" {da\a3A) := —rj. fJ-A (da) A CC Z 

ZX' {p,uj\adA) 



Q {P, u) is also the set of probability measures reversibles with respect to the process generated 
by 

L(/3,u;)/:= J]«;f'-(a)[/(a)-/(a^)] , (2) 
where represents the configuration in S such that 

^ \ -<^y y = x 

and / is a cylindrical function in (iS, yU^''^) := C{(3^uj). 

We will always consider the generator L a positive operator, so that S {t) = exp [—tL] will 
represent the associated semigroup. 

In the following, with a little abuse of notation, we will use the same notation for the 
operator ^ and for its closure in £ (/?, a;) which, by reversibility of the Gibbs measure, is 
also selfadjoint on C (/?, u). 

Let us define J := |J~| V | J+| and Vx G Z'^, u E 

A^H'^{r]):=H^{r])-H''{7]^) = -2j2^b(Tb{v) = -Vx Yl ' 

b3x y: \x—y\=l 



then 

-AdJ < \A^H'^ (a) \<AdJ. (4) 
In the following we will restrict ourselves to the choice of transition rates of the form 

wl''^{a)=i;{(3A,H^{a)) , (5) 

where ip is a. monotone function, so that 

ij {-(34dJ) A ij ipAdJ) < w^^"^ (a) < ij {-f3AdJ) V (pAdJ) . (6) 

In particular, we will work out the details for the case of the heat hath dynamics as was done 
in |AMS/| 

(^) = ^H, {PKH- (a)) = ^^J^^^.^^y (7) 
Our analysis can be applied to any Glauber process with transition rates of the kind given in 

The results contained in this paper are: 

Theorem 1 There exists a value (3'^^ (J) of the temperature such that, for any (3 G [0,/3(i (J)) 
and any realization of the potential u, the first non trivial branch of the spectrum of the 
generator of the heat hath dynamics, a^^\ is contained in the interval [g^ (/?) ,g^ (/?)] where 
9d (/^) ' 9d (/^) ^'^^ analytic functions of /3 such that 

g^{P) = l±2dJf^ + o{(3). 

For a definition of aj^'' and a discussion of its relevance see Corollary 1 of jAMSZj and 
Theorem 2.3 of lMl. 



Theorem 2 There exists a value iSf"* of P such that, for almost every (3 G kM^^) and any 



realization of the potential u, the first non trivial branch of the spectrum of the generator a^}^ 



satisfies 

where f^ (P) , // (/?) are analytic functions of p such that 

f^{P) = ±2djp + oiP). 

Remark 1. The analiticity of the functions introduced in the above two theorems, does 
not hold only for the heat bath dynamics, but is guaranteed for any dynamics where ip is an 
analytic function. If this is not the case, the statement about analyticity must be dropped 
from the above theorems. 
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Theorem 3 There exists a value (51 {J) < Py Af3d{J) of (3 such that, for every G [0, ( J)) 
and any realization of the potential u, the first non trivial branch of the spectrum of the 
generator of the process a''^ is a non random set which coincides with the closed subset of the 
real Ime [l - h^{P), 1 + , where h^ (p) = ±2dJp + o{p). 

The proofs of these theorems rely in part on the approach of |AMSZj and jM] and in part 
on the lattice gas representation of the system, which we will introduce in the next subsection. 
More precisely, we will restate the dynamics with rates of the kind (0) in terms of a birth and 
death process on the set of the subsets of the lattice V, which is naturally isomorphic to S, 
and make use of the set up given in [(jllj and |(7l2j . 



2.1 Lattice gas setting 

Let V be the collection of the subsets of the lattice. We denote by L (V) the subspace of 
cylinder functions on V generated by linear combinations of the indicator functions of finite 
subsets of the lattice 

aCZ'' : |a|<oo 

Va G P, P3 7]^Saiv) = e {0, 1} , 

where the coefficients are real numbers. 

For any realizazion of a; G fi, the generic matrix element of the generator of the process, 
which in this representation we denote by L {(3, uj), acting on L {V) writes 

where Va, 7 G P, aAj = (a U 7) \ (a fl 7). 

With an abuse of notation we indicate by w^''^ {a, aA{x}) the transition rate from the 
state a to the state aA{x}. 

Now 



L{/3,uj)6^= {L {(3,00) 6^) ^6, 

ri^P : |7y|<oo 

= Y [w^'^{a,aA{x})6^-w^^^{aA{x},a)6^^^,y] . 

Then, V99 G L {V), we have 

L{(3,u)^= Yl [^^'" "^^^}) - («^{^}' «) <^-Aw] (8) 

a^V : |a|<oo x&'L'^ 
aeV : |a|<oo x&Z'' 
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This form of the generator may seem unusual at first glance, here we prove its equivalence to 
the classical form of generators of birth and death processes on V. 

2.1.1 Some remarks on birth and death processes for lattice gases 
Notice that, for any a; G ^2, (jH)) takes the form 

L(/3,a;)^= {LiP,uj)if)j^ (9) 

ad^V : |a|<oo 

(L {(3, u) ^)^:=J2 («' «\ {^}) i^fi- - + (10) 

+ ^ 10^''^ (a, a U {x}) [ipa - (Pau{x}) a eV : \a\ < oo 

while usually the action of the generator af a birth and death process L on L {V) takes the 
form with {Lip)^ , \/a E V : \a\ < oo, which can be expressed in the following two 
representations: 

:= Yl ' ") -^a) +w {a, a\ {x}) - (H) 

{L^^^'lp)^ := Y (^^ « U {x}) {ipa - (Pau{x}) +w{aU{x} , a) {iPaU{x} - ^a)] ■ (12) 

These expressions for {Lip)^ are mutually equivalent and equivalent to (fTUI) . In fact, given 
the involution of V 

V3ai — > a" = Z'^\a eP a C Z^ (13) 
we can define the family of operators {''aIag-p- |A|<oo '^^ ^i'P): such that 

L (P) 9 I — >(f) = LA'^eh (V) 

I^A^a = ^aAA a & V : \a\ < OO 

ai^V ■ \a\<oo Q!g7':|a|<oo 

iA (i^av) = ^ G L (P) , A G P : |A| < OO . 
Defining B to be the generator of a pure birth process with rates 

w (a\ {a;} , a) la (x) + w {a,aU {x}) (1 — Iq, (x)) 
and D the generator of a pure death process with rates 

w (a, a\ {x}) la (x) + w {aU {x} , a) (1 — Iq (x)) , 
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we may rewrite (fTTj) and p2|) in the form 

(L(-V)„=(5(-V)„+(D(-V)„, 

where the definition of B^"^^ and D^'^\ is readily understood. Since 

w {a\ {x} , a) = w {a"" U {x} , a"") (14) 
w (a, a\ {x}) = w {a'^, U {x}) , 

considering for example for any finite A G 1^'^ we have 

(iA^^-^iAy?)^ = ^ ((aAA) \ {x} , aAA) ((iA</')((„AA)\{x}) - i^^'P)(aAA)) 

xSaAA 

= to ((aAA) \ {x} , aAA) (v3((aAA)\{x})AA - V^a) 

xeaAA 

and choosing A D a, by (fT^ we get 

(iAS^^^iA^)^ = X] ^ (("'^ ^ ^) \ {^} ' ^ ^) (<^(KnA)\{x})=nA - <^a) 

xea'^nA 

= w{{aU{x}yr]A,a''r]A){ipau{x}-iPa) 

= w{aU{x}UA^,aU A") ((/?„u{x} - V^a) 

xea'^nA 

= ^ «; ((a U A'^) U {x} , a U A-^) ((/?c.u{x} - V'a) • 

We now assume the system to be confined in a box A with boundary conditions rj. Let Va be 
the set of the subsets of A. We can inject L (Va) in L (V) and consider a naturally defined 

'•A- 

L (Pa) 3ip^r = ^Ih^ = {^^v) e L (P) (15) 

i^(5Q, = (5(Q,ur,)AA = (^AVaUj? a C A . (16) 

Independently of the choice of the boundary conditions 77, Va C A 

(''A^iTi^AV')^ = XI (a U {x} , a) (¥7„u{x} - y^a) = {d^aJi'^^^ t] eVa-, \r]\ < 00 , 

x£k\a 

where B^^^ and d'^^^ denote the natural restrictions of B^^^ and D'^^^to L (Pa)- 
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To keep notation light from now on we will omit to indicate the boundary conditions where 

A ''A - 



there is no danger of ambiguity. Since i,\D[^\x = 



= + = .A (4+) + 4+)) .A = ^aL(+)^A 

and Vcj ^ Q, a C A takes the form 

(La (/?, v)^)^= {d[-^ /9, V)v)^+ (4^^ ^) ^) ^ (17) 

It is worth to notice that, for any realization of the potential, La {/S, uj, t]) commutes with 6a- 

3 Proof of the Theorems 

In j GIH IGI2j we analysed the stochastic dynamics of a system with a ferromagnetic potential 
constant on B^, confined in a finite subset A of the lattice and subject to free or periodic b.c. 
Making use of a formalism borrowed from quantum mechanics, we were able to represent the 
restriction of to Sa, in terms of a selfadjoint operator on Ha '■= l"^ (Va) unitarily equivalent 
to a generator of birth and death process on Va of the kind 

Let us consider the heat bath case. Given a finite portion of the lattice A and a realization 
of the potential u, assuming for example periodic b.c, the restriction of the generator of the 
process given in (jH)) to Va, takes the form ©, (fTnjl . where 

w^'- (a, aA {x}) = (/?A,.i/-) = ^ ^ 

and 

A,//^ = {u) - H^A{.} (uj) (18) 

= la (x) [Ha (io) - Ha\{x} (uj)] + ^a- (x) [Ha (w) - HaU{x} (^)] 

representing respectively ((Tj) and Q in the lattice gas framework. Replacing tp by 5^ for a 
fixed ?7 C A in (llUj). we get the generic matrix element of (jH)) and then of (jHI). We can then 
transform (jHI) into a selfadjoint operator L% {f3,uj) on TYa, through the unitary mapping from 

Ha {P, uj) := P [Va-, /^a'^ j (which is isomorphic to the restriction of C (/5, uj) to A) to Ha given 

by the multiplication of the elements of Ha {P, uj) by y 

Following [nn], since Ha = span{\a) : a C A} ^ with H^ = R and 

Ti^'' := {la) G Ha '■ \a\ = n}, we denote by La the unitary operator 

Ua-Ha^ Ha (19) 

2 2 ^cA 
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and by E'a, the representation of the involution introduced in (fT3j) as an operator on TYa, 
that is 

Ea-.Ha^ Ha (20) 
Ea \a) = \A\a) a C A . 

Now, for any a C A, Ea^^ = ±^^^, hence Ha = nl^H],, where := span{^-^^^^ : 
a C A}. Moreover, setting 

Ea ■= UaEaUa ■ Ha — > Ha , (21) 

since 

5,^^ = (a|7) = (a| UaUa It) = 2-1^' J] (_i)l"n,|+|7n,I ^ 2-1^1 ^ (_i)l("A7)n,| ^ 

rjCA rjCA 

then, for any \a) G Ha, 

i«) = E ^^^PM 1^) = E ^^^^^ 1^) = (-1)'"' i«) 

7,J7CA 7,^CA 

SO that Ha can also be decomposed as the direct sum of H^ := 0„>o-2nG{o |A|}'^a"'' 
•= 0n>o:2n+iG{o,..,|A|} '^A ^ ^- Clearly UaH^ = Ha- 

If, for any x G A, i^, i^'-^ denote the mutually orthogonal projectors on Ha such that 

iy ■= Ij^-i^; i^\a) = la{x)\a) aCA. (22) 

We have 



it = UAitUA; iy = UAiyUA, (23) 
= EaI^'-^Ea] i^'^ = EaI^Ea, 
[EAj^] = [EAjt] = 0- 



We also denote by 



e 2 "a 



Ha {(3,u)~^H, 



the matrix representation of the multiplication operator by \j 

In ICtIH KtIS] . comparing the Dirichlet forms, we also proved that L\{l3,u) admits the 
representation 

li(/3,^) = 5^l:^^(/3,^) , 
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whose matrix elements, by the definition of A^H'^, for any two vectors |a) , I7) of the base of 
Ha are 



{j\Ll{P,u)\a) = J2{7\Li,j,iP,u)\a) 

1 



(24) 



(7|L:,(/?,a;)|a) = (7|n„(x) 



+l„c (x) 



cosh ^A^H^ 



e§^-^" - 1 



+ 



1 



cosh f A^iJ- 



(7I { la (X) 



cosh f A^i/^ 



1^ 



cosh f A^if- 



+ 



^ ^:^ + 



1^ 



3.1 Proof of Theorem [T] 



Let us set 



La |«) = |tt| |a) a C A . 
Lemma 4 For an?/ |«) G Ha, 

{u\ La \u) < 2 {u\ La \u) (25) 
Proof. We first notice that, for any x G A, a : Pa x Va — ^ 

^ ] Cta,aU{x}lag (3^) = ^ ] ^a" (x) aa,ri5rj,aU{x} = ^ ] la': (3^) flajTj^T^.aUja;} 1?; (3^) = (26) 
qCA a,r]CA a,?7CA 

^ ^ Ir?': (■^) '^»7,a'^r7U{x},olo ('^) ^ ^ Iry^^ (■^) '^»7,a'^?7,a\{x} lo ('^) ^ ^ Iq (•^) Q'o\{x},Q! • 
a,7yCA a,7yCA 

Then, for any \u) G TiJ, we get 

2 / \ 2 



aCA 



xeA aCA 



xeA aCA 



2 2 ^ ^ 2 

xGA aCA aCA x£a aCA x&a'^ 

E E + E E = E E + E E = 2 (^1 i«) ' 



aCA xGa aCAa;€a': 



aCA 3;6Q! a'^CAxSa'^ 



10 



but by La commutes with i?A and = 1-L\ © Ti^ . ■ 

Remark 2. From (0) it follows that, for any u E VL, depends on a only through the 
subset of Ba, da := {be Ma: \bna\ = 1} then, because da = da"", by ^ and 
for any realization of the potential Ha (to) = Ha^ (a;). Hence, for any /? > 0, u; G f2, La w) 

commutes with and |^a := EacA^'a (Z^,^) 1"), where {(3,u) 



which 



is the ground state of La uj), belongs to TCX- 

Let P and u be fixed. For any vector \u) G 7i\, by ()24j] and ()2(i|l . the Dirichlet form 
associated to La (/^i^) can be written in the following way 



{u\li{m\u)=j:j: ^ 



5 5 cosh f A^i/^ 

oCA xga 2 a 



~^ ^ ^ cosh ^ A //"^ 



— UaA{x} 



(27) 



■a\{x} 



+ K 



62 



- 1 



+ 



Un 



U. 



oU{x} 



+ < 



62 



« - 1 



EE 



1 



^, ^ coshfA^i^ij' 

aCA xea 2 a 



a\{x} 



y 



+ K 



62 



- 1 



6 2 



- 1 



Clearly, Vu; G fi, L^ (p = 0,u) = La- 

Proposition 5 Let P > and u E Q be fixed. For any \v) G TYa, 

{v\ UaLI {P, u) Ua \v) < (1 + 2b,j iP)) {v\ La \v) 
where b^j {P) is an analytic function of P such that b^j {P) = c^jP + o {P) . 



(28) 



Proof. Since by the previous remark it follows that UaL\{P,u!) Ua commutes with L'a, 

\u) G nt By 



we can restrict ourselves to vectors in Ha- Let us set \v) G T^Ajthen La \v) 
fj?rj) it follows that 



2^5: cosh I A,i7- "'^ 2 ^ cosh f A,//„, 

«CA xgo'! 2 Q oCA xga<^ 2 " 



1 



EE 



- 1 



1 



2 cosh |A^i/^. 



EE 



2 ^ V cosh I A^/7^ 

aCA xeo 2 a 



Thus 



{u\LX {P,u)\u) = J2J2 



^, ^ coshfA^if;^ 



Mr 



+ Ul { 6t^^^^^ 
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Therefore, by (j^ . 



{v\ UaLI (/?, a;) Uj, \v) = {u\ L\ {(3, u) \u) <{v\L^ \v) + bj (P) {u\ La \u) 
= {v\ La \v) + bj iP) {v\ La \v) < (1 + 2bj (/?)) {v\ La \v) , 



cosh ^ 2 



where bdj {(3) := max^g[o,2dj] 

In |(tIH l(Tl2j we introduced a new form for the generator of stochastic Ising model with 
transition rates, for any reahzation of the potential u and (3 > 0, 



{a,aA {x}) 
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and whose generic matrix element as an operator acting on TYa is 
(7|L1 {f3,u)\a) = {^\Y,L:W,u;)\a) 



(29) 



/3 



(7| LI {(3, u) \a) = (7| { 1. (x) cosh |A,.//^ 



+ 



+l„c {x) cosh ^Ax^o 

/3 



ef ^--f^^? _ 1 



(7|<!l« (x) cosh|A,.//^ 



gt^a:-«S; -1-1 gl^ai-ffS 

— ^ — ^^ + — 



1^ 



+ 



(x) cosh ^A,.//^ 



g^Ajji^^ -1-1 gt^a^-HS _ 1 
^ 



We also showed that L\ [j3, uo) admits the representation 



where 



Ha H 



^i/„H|a) (a| ~Ha M 

aCA 



(30) 



with s the Pauli matrix 



ai :-- 



1 

1 
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so that, Vx G A, a C A, s^. la) = |a;A{x}) (we prefer to work in the representation where the 
spin flip operator is diagonal). By and (pUj) . for any two basis vectors of Ha, |«) , I7) we 
have 

{^\L\{P,u)\a) < (7|Ll(/?,a;)|a) , 

moreover, the first order term in the expansion for small 13 of (7I L\ {f3, uj) \a) and (7I {(3, u) \a) 
are equal for every A. Clearly, L\ {P,uj) also commutes with E/^ and for any \u) G Ha, since 
\u) = \u~^) + \u~) , G H^, we have 



{u\Ll (/3,c.)|ii) = 5^5^cosh|A,.//, 



Ua — UaA{x} 



+ < 



g 2 "^^Q 



(31) 



5^ 5^ cosh f A.//, 



li„ — u, 



a\{x} 



62 



Proceding as in Proposition we get 

{u\ LI iP, 00) \u) < (1 + 2b',j (13)) {u\ La \u) , 



(32) 



where fe^j (/?) := max^e[o,2dj] 



62' 



1 ) cosh + cosh f -2 — 1 



/3, 



Comparing the Dirichlet 



forms of L%{(3,u!) and L\{P,u), we proved in |(7l2j this process to converge to the equi- 
librium state at high temperature faster than the heat-bath one. 

Remark 3. The relative bounds ()28|) ()32|) are independent of A and extends straightfor- 
wardly to the quadratic forms associated to the operator (/3, a;) and (/5, uo) acting on Ti. 
Therefore, by standard argument of perturbation theory (see for example jKj) ()28|) implies 
the analyticity of the projectors 



Pn{i3M 



dz 



1 



n G N. 



'{zec:\z~n\<ri(3)} 27ri Iz- A (/5, Uj) 
where A (/5, a;) is either L'^ {(3, uj) or L'^ (/?, uj), for sufficiently small values of (3. 



3.1.1 Lower bound (P) 

By Remark |3.1l we can make use of perturbation theory and, for sufficently small values of (3 
and any realization of the potential, we can write 

LI {(3, u) = U^L^Ua + pU^Tj^^ (u) Ua + {[3, u) , 

where 

H:=^E[pA(a;),^^],e] 
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is the first term in the expansion of L\{P,lj) and T/^{P,u) is such that {u\T\{i3,u!) \u) < 
{d, J), with C {d, J) a positive constant. 
Since, by definition of Ua, UaL\{(3,oj)Ua and L\{(3,uj) have the same spectrum, the 
eigenspace corresponding to (La) = 1 is span{\y) : ?/ G A} and 

(^1 (^) \y) = \ E[[Ha H ,^^],^^] \v) (33) 

= ^ ^ (2^1 Ha (cu) ly) {8.j,^y + 5:^,2 - 2(5^,^.4,2^) 

xgA 

= Ha (^) \y) - 5,,y {y\ Ha (uj) \y) , 

where by (jHUjl 

(z| Ha (u;) ly) = ^ a;b |y) = ^ Wf, {z\{y}Ab) = ^ (&) = ujz,y ■ (34) 

6gBA 6eBA belA 

Moreover, looking at the expansion in P of the Dirichlet forms of {[3, u) and L\ (/?, u), 
we reahze that these operators coincides up to first order. Hence, we get (^L\ {(3, a;) j > 
9d (/^); with {[3) analytic function of [3 such that 

(/3) := 1 - sup V la;,,, I + o (/3) = 1 - 2/?dJ + O {(3^) . (35) 

Notice that all the above estimates, which are independent of A, hold in infinite volume as 
well. 

Remark 4- Since the w's are bounded, the last result implies the existence of a value of 
Pd{.J) smaller than the critical one Pc{d,u), such that for P a.e. uj, if f3 E [0,f3d{J)), the 
process is ergodic. Hence, by the reversibility with respect to the Gibbs measure, we get 
the uniqueness of the Gibbs state. Furthermore, the unique element n^''^ of Q {13, oo) has the 
property 

{A) = {t,A) AcS,zeZ'^, (36) 

where 

T,A := {a eS -.Wx eZ'^ = r]^_, = (r,r/)^ , G A} . 

Let {©zlj-g^d be the unitary group of operators on C {(3, u) generated by the group {Tz}^^id 
that is, 

(e,<^) (a) = ^ (r.-V) ipeCiP,u) . 

Then, by the previous remark, we get that Wz e Z'^ the Hilbert spaces C {(3, u) and C {(3, T^^uj) 
are unitary equivalent (isomorphic) by the unitary mapping 

e,:C{(3,Lu)^C{f3,T-'u;) 
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and by the representation Q of L{P,u), we have 

e,L{f],u)Q;' = L{f],T-'u) , 

which imphes that, at least for /5 G [0, (3d (J)), the family of operators and spaces (L u) ,C{P,l 
is a metrically transitive family with respect to the unitary group of lattice translation 
{B^l^g^d- Hence, (see |PFj and |AMSZj remark 4) the spectrum of L{(3,uj) is non-random 
for P-a.e. uj. 

Remark 5. To get an upper bound for the spectral gap of the generator of the process 
we can compute the Dirichlet form of L{(3,uj) with respect to the function of the empirical 
magnetization 



E 



lAI 



f3,LJ 



E 



lAI 



We have 



(</>A, L {(3, u) <^a)^^^ = ^ f (da) ^ (a 
= 2 / (da) 5^ 



.yeA ' ' yeA I I. 



(a) 



xgA 



Dividing by the £ (/?, uj) norm of 



-i^ 5^ (a.a,) - (a.) (a,)] 

I I x,yeA 



we have that the spectral gap is smaller than 

2/^/^'-(da)E 



Ex,yeA K'" (^-^y) - (^:.) (^?/)] 



By the ergodicity of the random field u with respect to the lattice translations, the last 
expression becomes 



2jF{du)Jf,^'- {da)wl^- (a) 



where 



/ P {du) (^0^.) - (^o) (^.)] 



X'^'" (/5) := E K'" (^-^o) - {^x) (^o)] u; G 



(37) 



is the susceptibility relative to a realization of the potential. In the ferromagnetic case {ojh > 
J~ > 0, Vfe G Md), by the Griffiths inequalities (see for example [L] page 186), we have 
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that x'^''^ {l3) is larger than or equal to the susceptibility relative to the configuration of the 
potential constantly equal to J~ , x'^''^ {P)^ which is known to be a function of f3 diverging 
when f3 approachs its critical value (3c {d, uj) from below. In particular, in the two-dimensional 

case, x^"^~ iP) is proportional to \/3 - (3c (2, J")r^ ( [Hj Theorem 2.11). Then by ^ is 
smaller than 

2^ {-(3AdJ) V i) {(3AdJ) 

3.1.2 Upper bound {(3) 
Since, for any /9 > and w G 

{u\ LI {(3, Lu) \u) < {u\ LI (/?, u) \u) \u) e Ha , 

from and we get {P,uj)j < g'^ {(3), with {(3) analytic function of (3 such 

that 

^+(/?) := l + /3supy]|a;,,J +o(/?) = l + 2/?(iJ+0(/32) . (38) 

3.1.3 a^;^ c[g-i(3J),gji(3J)] 

We just notice that, for /3 smaller than (3d (J), we have g([ (/5) = 1 — 2(3 Jd + O {(3"^) and 
9d iP) = 1 + 2(3 J d + O (/3^), which implies that, for such values of (3, 

^ [1 - '^PJd, 1 + 2(3 Jd] . (39) 

3.2 Proof of Theorem [2] 

Here we mimic the second part of the proof of Theorem 3 in |AMSZj and consider f2 as a 
topological space endowed with the Schwartz topology, which we will denote by V^^. We 
will denote by suppF the support of P as a function on I^b^- Let C, be any realization of the 
potential constant on which belongs to the support of P, namely 

( = {cjfo = C G R, V6 G B} e suppF 

and denote by Cb^ C V^^ the collection of all such realizations of the potential. 

Theorem 3 of |AMSZj uses the explicit representation of the matrix elements of the gen- 
erator for the 1-d model to prove the weak continuity of the spectral measure. All is really 
needed is that the matrix elements of the generator and thus the semigroup are smooth func- 
tions of the potential. In higher dimension we rely on (??), which in particular ensures the 
necessary regularity. 



16 



It is proved in Theorem 2.2 of [M] that, for any constant reahzations C of the potential in 
suppF, there exists a value (3^^ (C) > such that, for any < pj^^ {(), we obtain 

[1 - a, ipc) , 1 + m] ^ 4^ , 

with 

ad {r) := max \ad{X,r)\ . (40) 
Consequently, if P^^^ := inf^esnppP ^ (C) > and ( J) := P^i-J) A then, V/? G 

[1 -aam,l + a, (/?)] C (J a« (L^^) (/?, C)) C a« (41) 

with 

dd iP) := max ad {PC) 

which is an analytic function of p. Thus (P) := ±dd (P). Since dd{P) = ad{PC) for C such 
that Id = J, then for small values of P, dd (P) = 2djp + o (/?), where the linear term in P is 
the same in the expansion of (jSSI), as well as in ()H8j) . 

3.3 Proof of Theorem [31 

Because the family of operators and spaces {L {P , u) , C {P , u)) is metrically transitive with 
respect to lattice translations, a^^^ is a non random set (see remark 2). Thus, for every 
P e [0, ( J)), at first order in p, by ^ and (jH} we obtain 

[1 - 2djp, 1 + 2dJp] C a^^^ C [1 - 2pdJ, 1 + 2pdJ] . 
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